Introduction Let G/H be a reductive symmetric space and let D: C~(G/H)-~C~(G/H) be a non-trivial G-invariant differential operator. An invariant fundamental solution for D is a left-H-invariant distribution T on G/H solving the differential equation
for some distribution TA on A, where F(D) is a uniquely defined differential operator with constant coefficients on A and 5A is the Dirae measure at the origin of A, i.e. TA is by definition a fundamental solution for F(D). Our main result is the following theorem.
Theorem 5. Let D be as above. Then D has an invariant fundamental solution on G/H if F(D) has a fundamental solution on A.
Our result is similar to results obtained by Helgason for Riemannian symmetric spaces, see [11, Theorem 4.2] , and by Rouvi~re for semisimple Lie groups with only one conjugacy class of Cartan subalgebras, see [15, Theorem 4.2] , and our approach is very much inspired by their works.
Assume now that D has an invariant fundamental solution on G/H. Then 
Notation
Let G be a reductive complex connected Lie group with Lie algebra g, and let H be a real form of G with Lie algebra ~. Let cr denote the conjugation of 1~ relative to b and let also cr denote the involution of G whose differential is a, then H is the open connected subgroup of G ~, the fixpoint set of cr in G. The space G/H is said to be a reductive symmetric space of type Gc/Ga. Let 9=%Oq be the decomposition of g into the d-l-eigenspaces of a, where q=ib. Let 0 be a Cartan involution of ~t commuting with or, and let g=t~Gp be the usual Cartan decomposition into the il-eigenspaces of 0. Let K=G ~ be the maximal compact subgroup of G consisting of fixpoints of 0, with Lie algebra t~.
Let p be the canonical projection of G onto G/H and let ~ be the map of G/H into G defined by G/HDp(g)~gcr(g ) t CG, gcG. The image of p in G, denoted by X, is a closed submanifold of G, see [14, p. 402] , and p is seen to be a G-isomorphism from G/H onto X, equipped with the G-action g.x-gxa(g) -1, xEX, 9cG. We will in the following use this realization of the symmetric space G/H.
Denote the space of distributions on X by 7?t(X). The group G acts naturally on ~D'(X) via the contragradient representation (on G/H), and we denote the Hinvariant distributions under this action by ~D~(X) H.
Let exp denote the exponential map of 9 into G.
Cartan subspaces, Cartan subsets and root systems A Cartan subspace a for X is defined (cf. [14, w as a maximal abelian subspace of q consisting of semisimple elements. We see, since ~ is a real form of g, that a is a Cartan subspace for X if and only if ia is a Cartan subalgebra of ~1. The Cartan subset A of X associated to a Cartan subspaee a for X, is defined (cf. [14, gll) as the set of dements x~X centralizing a in G (under the adjoint action).
So let a be a Cartan subspace of q. We denote by A=A(B, ac) the root system of the pair (0, ae), where ac=a+ia. We choose a set of positive roots denoted by A +. Let W denote the Weyl group corresponding to the root system A. Let Ha, respectively 1~, denote the coroot, respectively the root space, of the root aCA.
We say that a root sEA is real, respectively imaginary or complex, if it is realvalued, respectively imaginary-valued, or neither real-nor imaginary-valued, on the Cartan subalgebra ia of 0. The set of real roots, positive real roots, imaginary roots, positive imaginary roots, complex roots and positive complex roots are denoted by Am A~, AI, A~, Ac and A~ respectively.
Let aEAI. The root a is called compact if and only if (g~+ft_~+CH~)N0 is isomorphic to su(2), respectively noncompact if and only if (I~+I~-~+CH~)NO is isomorphic to N(2, R). The set of imaginary noncompact roots is denoted by AInc.
We will in the following assume that there is only one H-conjugacy class of Cartan subalgebras of b. This is obviously equivalent to H having only one conjugacy class of Caftan subalgebras (or Caftan subgroups). So fix a 0-invariant Caftan subalgebra ia of 0. Then AR=AIn~=0, see [ for XEa, where fcC~176 and aEA.
Regular elements
Put n=rank o and let xCX. The characteristic polynomial of the C-linear endomorphism Ad(x)-I on l~=qc=Oc can be written as
for all zEC. The function Dx so defined is an H-invariant analytic function on X.
An element x in X is called regular (cf. [14, w if Dx(x)#0, and the set of regular elements in any subset U C X will be denoted by U'.
Define for every root a a function ~a on A by
for Xca. We see, using the root space decomposition of t~, that Dx(a) = n (1-~_~(a)) c~cA for acA. We furthermore, for all subsets ScA, define the function
on the set A r. We note, since all of the functions ~, aEA;, are real, that the function bA+ is • on the connected components of A t.
We easily see that ZH(a)=ZH(a) if acA' (since a=expiX, where X is a regular element of ~) and that ZH(a)-~-ZH(A) (since A is connected), i.e. the quotient Remarks. Let a6A t and let f~Cc~(X), then supp fnH [a] cX is compact, and the above integral converges. We also easily see that K S C C ~ (At). 
N.(A)/Z.(A) is nite and equal to The subgroup is a Cartan subgroup of H. The map from H/ZH(A)• into X defined by (hZH(A), a)~-- § is an everywhere regular ]NH(A)/ZH(A)I-to-one

(ba+ I KD$) (a) = F (D) bA+ I Kf (a)
for all a EA ~, and hence by density and continuity for all a EA.
Let ~2 [I~zx+ HoES(a) and let 5ET?'(X) H denote the Dirac measure at the origin of X.
Theorem 4. Let f~C~(X). There exists a constant c7~0 such that (5, fl = f(e) = cf~bzx + K$(e), where e denotes the identity element of G (A).
Proof. (1) Let AcD(X) denote the Casimir operator on X, then it is easily seen that F(A)(~, u)=/k./k+u.u-s for ),Ea~,c, uea~,c, where 0 is half the sum of the positive roots of Ac. Assume that ap•{0}, then we see that degF(A)=degF(A)~ for all AChe, c, and we conclude from the above that A has a fundamental solution and that it is solvable. Solvability of the Casimir operator was proved, for general semisimple symmetric spaces, by Chang in [7] . Let DED(X) be a differential operator of the form A "~ +D1, with m E N, where deg D1 < deg D =2m. Again assuming that ap ~ {0}, we see that F(D) satisfies the conditions in Theorem 5 and Theorem 7, i.e. D has a fundamental solution and it is solvable.
(2) Let K be a compact Lie group and let Kc denote the complexification of K, then Kc/K is a Riemannian symmetric space (of type Gc/Ga) with only one conjugacy class of Cartan subspaces. Since a ap, we easily see from the above, that every non-zero invariant differential operator D E D (Kc/K) has a K-invariant fundamental solution and that it is solvable. Helgason obtained these results for general Riemannian symmetric spaces in [11] and [12] , as mentioned in the introduction. 
